It is shown that a complex tone can be •nalyzed into its harmonics by adding to it a series of N --1 similar complex tones with uniformly spaced fundamental frequencies. The harmonics appear in a time-ordered sequence, and this is the basis of a computer music effect employed by composer Jean-Claude Risset. The mathematical derivation involves the summing of a geometric progression to form a slowly varying amplitude factor. The effect is directly analogous to the analysis of white light into its constituent colors by a diffraction grating with Nslits. The temporal ordering of the sequence does not depend upon the relative phases of the harmonics of the complex tone, nor upon the number of tones which is summed• nor is it sensitive to amplitude changes. The order can be changed by a progressive delay of any harmonic in the summed complex tones. Calculations are made to investigate the stability of the effect against randomness in the tones to explain why the effect does not normally appear in vocal or instrumental choruses.
INTRODUCTION
At the 11th International Conference on Acoustics, composer Jean-Claude Risset • demonstrated a fascinating computer-generated sound. He created seven periodic complex tones which were identical except for a small shift in fundamental frequency. The first tone was unshifted, the second was shifted by &a, the third by 26a•, the fourth by 3•a•, and so on. When the seven tones were added together the listener heard a sequence of the individual harmonics of the complex tone, as though a narrow-band filter had been moved haphazardly across the spectrum.
The purpose of this report is to explain the effect mathematically and tb show the correspondence between this acoustical effect and the optics of a diffraction grating. The conclusion is that the superposition of a complex tone with its frequency shifted versions has the effect of analyzing the complex tone into harmonics in the same way that a diffraction grating analyzes white light into its constituent colors. The acoustical effect will therefore be called "the frequency- 
The shift 6a• for successive tones must be small; for example, 8f= &o/2•r = 0.1 Hz. The object of the present mathematical development is simply to separate the signalx{t ) into harmonic components (rapidly varying) and amplitude factors A n which are slowly varying because &o is small, i.e., 
M x(t)= • An(t)cos[h•t +•n ],
In that case, the separation is easy to do because the sum over the N tones is a geometric series. For any harmonic h the contribution to the sum in Eq. {2} is the real part of The average phase angle •n is •n; the average fundamental frequency for Eq. 14} is
and the amplitude of the h th harmonic ofthe signal becomes
where y(h ) = h 6a• t/2.
In the power spectrum, the power of the h th harmonic is the square of the amplitude,
The amplitude ,4h is a slowly varying function of time because t is multiplied by the small shift &o. A peak occurs in the amplitude of the h th harmonic at times when both the numerator and the denominator of Eq. (8) are zero, i.e., when •(h ) is an integral multiple of •r, viz.,
where rn is an integer. Peaks for different harmonics occur at different times, and this is the origin of Risset's effect.
II. AN ACOUSTICAL EXAMPLE
We generated a digital signal consisting ofN = 7 identical tones, each with M = 7 harmonics, with a• = 1, and all in cosine phase, i.e., •b(h I= 0. The file was 8000 samples long, successive fundamentals differed by one cycle in the file, and there were 501 cycles of the average fundamental. Therefore, the signal at time point i was 
where c is the speed of light. Equation (14) is identical to Eq. (10). The acoustical and optical effects are analogous, as given in Table I. The table of analogous quantities (Table I) leads to a one-to-one correspondence between the rules for the acoustical effect and standard rules for the diffraction grating, e.g.:
(1) There are N-1 intensity zeros between successive principal maxima.
(2) There are N -2 secondary maxima between successive principal maxima. •n. The order of the sequence also does not depend upon N, the number of complex tones which are summed. The component frequencies of the complex tone are also unrestricted. For example, the tone may be inharmonic. It may even have a dense spectrum, as for noise, in which case the grating analysis produces a whooshing sound, as though a narrow filter were moved about within the noise spectrum.
In the above example and its variations, the N complex tones are identical except for the frequency shift. Therefore, the sum over l in Eq. (2) 3N . Therefore, one expects that the grating analysis can still be heard for sufficiently large N, e.g., N = 7. A random choice of amplitudes leads to a constant drone, but the melody of the analyzed harmonics, with its temporal order unchanged, should still be prominent on top of the drone. This prediction has been verified by a listening experiment using one loudspeaker as a source. We conelude that the fact that the amplitudes of the harmonics are different in the different tones in the chorus is probably not responsible for the fact that the grating analysis is not heard in a chorus.
B. Phase variations among the tones
The frequency-domain grating analyzes complex tones because the sum of N complex tones produces a diffraction pattern With a peak, a principal maximum, which is considerably larger than the secondary maxima. In this section we study the change in the diffraction pattern when the phase angle is a random variable among the tones which are summed, as would occur in a chorus. Our study is a numerical one in which the diffraction pattern is calculated for different random configurations of phase angles and compared with the pattern which produces the grating effect, in which there is no variation in phase angles among the tones. It is only neeessay to make the comparison for a single harmonic, for the following reason.
If there is no phase variation among the tones, then, for a given number of tones in the sum, there is a particular diffraction pattern in time for the first harmonic. The heavy line in Fig. 1 shows the particular pattern for Ar----7 tones.
The diffraction pattern for the second harmonic is identical to the pattern for the first, but it happens twice as fast. In general, within the overall period of the analysis pattern for the h th harmonic, the particular pattern occurs h times. Therefore, in order to study the change in the overall pattern caused by random variations in the phases of the tones, it is sufficient to study only a single harmonic, the first. The nature of the change will be stochastically identical for all other harmonics. Therefore, we studied the squared envelope of the func- For comparison, column Ro shows the ratio of secondary maxima to the principal maximum for no phase difference among the tone•. peaks of the pattern and put them in order of decreasing height, labeled by integer Np. We compared the heights of all the peaks with the height of the largest peak because we reasoned that if all the smaller peaks were considerably smaller than the largest peak, then the grating effect would be preserved in that configuration. Quantity R is defined as the ratio of a smaller peak height to the largest peak height for a particular configuration. Table II The table shows that the highest peak is rarely appreciably taller than several other peaks in the configuration, which suggests that random phases will considerably disrupt the grating effect. In another numerical study we examined 5300 configurations and did not find one for which the ratio R for the second peak was as small as the ratio for the largest secondary maximum in the case of a perfect grating.
As the number of tones in the sum Nincreases, the average R for a particular peak increases slightly. By contrast there is a slight decrease in the ratio era particular secondary maximum to the principal maximum for the perfect grating.
[As Nincreases, from the smallest value for which a particular secondary maximum first appears, to infinity, the ratio decreases by 20 log (2/•r) = --3.9 dB.] Further, as N increases, the variance of the distribution of R decreases for the random case, so that configurations with small values of R become more and more improbable.
We conclude that for N = 7 the grating effect is badly disrupted by random phase angles among the tones. For larger N the grating effect is even more seriously disrupted by randomization. For small values of N, e.g., N = 3, there is increased likelihood that a phase configuration chosen at random will produce a diffraction pattern with smaller peaks which are about as small as the secondary maxima of the perfect grating. But for small N, the large width of the peaks tends to destroy the grating effect. It should be noted 'that even if the sources are phase locked, the fact that they are at different locations' in a room will randomize their phases and tend to destroy the grating effect. 
